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Abstract: 

 We use the Ramanujan’s sums and an Ivic’s formula to show a Dirichlet series identity involving the Möbius and Euler 

totient functions. 
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1. Introduction: 

 In [1] is the following identity for a Dirichlet series involving the Möbius [2-6] and totient [2-4, 7, 8] functions: 
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Where participate a value of the Riemann zeta function, ζ 2 =  
π2

6
,the core function γ[9]and the number of distinct primes in the 

prime factorization of m;besides, (m, n)is the g.c.d of mand n. 
 

 In Sec. 2 we use the Ramanujan’s sums [4, 6, 10-13] to show (1). 

2. Dirichlet Series Identity: 

 The Ramanujan’s sums are defined by the expression: 

 C n, m =  exp  i 
2π k n

m
 ,1≤k<𝑚,    k,m =1        m ≥ 1,       n ≥ 0,                                  (2) 

And Hölder [14] proved the relation: 
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Then from (1) and (3): 
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On the other hand, we have the following formula obtained by Ivic [15]: 
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Where fis any totally multiplicative function; thus, in (5) we employ f = 1and s = 2 to obtain: 
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Whose application in (4) gives (1), q.e.d. 

Remark 1: 

 For the special case  m = p1p2 ⋯pk  , from (1) it is immediate the expression: 

 Q m = ζ 2 
(−1)k

m
 .                                                                           (7) 

Remark 2: 

 We may indicate an interesting connection between the totient function and the Ramanujan’s sums [13]:                      

 C n, m = φ m − 2  sin2( 
π r n

m
 )m−1

r=1,    r,m =1  .                                                    (8) 
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